The Yangian level-one hypercharge generator for the super Wilson loop in N = 4 supersymmetric Yang-Mills theory is constructed. Moreover, evidence for the presence of a corresponding symmetry generator at all higher levels is provided. The derivation is restricted to the strong-coupling description of the super Wilson loop and based on the construction of novel conserved charges for type IIB superstrings on AdS 5 × S 5 .
Introduction
The last decade has witnessed spectacular progress towards exact solutions in planar, maximally supersymmetric Yang-Mills (SYM) theory. Much of this progress has been sparked by the use of integrability, which often comes with an infinite-dimensional symmetry of the Yangian type. To make further progress in this direction it is important to fully characterize and understand the symmetries that appear in planar N = 4 SYM theory. For the S-matrix, it has been argued that apart from the Yangian Y [psu(2, 2|4)] symmetries [1, 2] , there is a so-called secret or bonus symmetry [3] , the level-1 recurrence of the hypercharge generator, which is itself not a symmetry. Corresponding conserved charges have been constructed for the pure spinor superstring [4] in all odd levels of the Yangian.
In this letter, we construct the level-one bonus symmetry for the super Wilson loop in N = 4 SYM theory at strong coupling and provide strong evidence for the existence of a corresponding symmetry generator at any higher level of the Yangian. The super Wilson loop is a generalization of the Maldacena-Wilson loop [5] , which also includes the fermionic fields of N = 4 SYM. It has already been considered in the early days of the AdS/CFT correspondence [6] and recently a complete construction was given [7] . Hints for a Yangian symmetry of the super Wilson loop had been obtained before [8] and this symmetry has by now been established at weak [9] and strong coupling [10] . The strong coupling description of the super Wilson loop is given by the minimal surface of a type IIB superstring ending on the conformal boundary superspace and the Yangian symmetry at strong coupling can be derived from explicitly computing the conserved charges that follow from the classical integrability of the string model. The conserved charges that lead to the bonus symmetry can be constructed in a central extension of the coset superspace of the type IIB superstring, as it was also considered in [4] . In the case at hand, the disk topology of the minimal surface allows for a simplified construction, which includes charges that lead to symmetries at any higher level of the Yangian.
Let us briefly explain how this paper is structured. The construction of the higher conserved charges is explained in section 2 and the corresponding symmetry generator at level one is derived in section 3. The derivation of the symmetry generators at level one from the respective conserved charges has been discussed in detail in [10] and the calculation performed there can easily be lifted to the centrally extended coset. The exposition in section 3 is focused on the new symmetry generators that follow from the central extension and the reader is referred to [10] for a detailed calculation as well as our conventions. The additional conventions and symmetry generators for the central extension are collected in the appendices A and B. We present concluding remarks in section 4 and give an outlook on possible future works.
2 Conserved Charges of the AdS 5 × S
-Superstring
In this section, we construct non-local conserved charges for the type IIB superstring on AdS 5 ×S 5 . We consider the case of a minimal surface, where the world-sheet is Euclidean and has the topology of a disk. The results can be transferred to a Minkowskian world-sheet, whereas the restriction to a disk topology is crucial. Our exposition follows [11] .
The type IIB superstring theory in AdS 5 × S 5 can be described by a sigma model type action with target space PSU(2, 2|4) SO(4, 1) × SO (5) .
It is often convenient to consider the coset space SU(2, 2|4)/ (SO(4, 1) × SO(5)), since SU(2, 2|4) allows for a matrix representation. Concretely, the Lie superalgebra su(2, 2|4) is given by the set of (4|4)×(4|4) supermatrices which satisfy a hermiticity condition and have vanishing supertrace, see appendix A for details. The Lie superalgebra psu(2, 2|4) is obtained from su(2, 2|4) by projecting out the central charge C, which commutes with all other generators.
For a function g(τ, s) ∈ SU(2, 2|4) of the world-sheet coordinates, the Cartan form
taking values in su(2, 2|4). This algebra may be endowed with a Z 4 -grading:
Here,
is the bosonic subalgebra of su(2, 2|4) and g (1) ⊕ g (3) comprises the fermionic generators. Based on the projection operators
onto these graded components, we introduce the short-hand notation
More details on the Z 4 decomposition of su(2, 2|4) can be found in appendix A. In the fundamental representation of su(2, 2|4) a metric can be defined in terms of the supertrace, G ab = str (T a T b ). The superstring action can then be written as
Here, γ ij = det(h ij ) h ij is manifestly Weyl-invariant and we fix the convention ǫ τ s = 1. Note also, that we work with a Euclidean world-sheet metric -resulting in the factor of i in front of the fermionic term -since the induced metric on the world-sheet is Euclidean for the boundary conditions we consider. Varying the action with respect to g leads to
and since C is a singular vector in su(2, 2|4), we find the equations of motion
Here, α is an arbitrary function of the world-sheet coordinates τ and σ. This shows that the degree of freedom associated with C is spurious and the target space is really (1) . However, for the study of conserved charges it will be interesting to keep C in place. The variation with respect to the world-sheet metric gives the Virasoro constraints
We now turn to the construction of conserved charges, for which we apply the classical integrability of the string model [12] . As we are working over su(2, 2|4), the flatness condition for the Lax connection reads
The Lax connection andα are given by
The z-dependence ofα follows from the P (2) -projection of the flatness condition, which can be reduced to the respective projection of the equations of motion by using the flatness condition for A i . Note in particular that the z-dependence ofα is fixed completely, whereas its dependence on the world-sheet coordinates is arbitrary. In order to construct the conserved charges, we consider the gauge transformed Lax connection
where we defined a
Note in particular that the z-expansion of l i = l i,n z n starts at order z. A tower of multi-local conserved charges [13] can be extracted from expanding the monodromy matrix associated to the gauge transformed Lax connection around z = 0. We use conformal gauge and consider a closed curve at constant value of τ . The monodromy matrix is given by
The evolution of the monodromy matrix with respect to the parameter τ is governed by
The expansion of l τ starts at order z and so we find ∂ τ T 1 = 4i dσαC at the linear order in z.
We thus conclude that only the C-part of T 1 is not conserved. Since the curve is contractible on the minimal surface, this implies that T 1 is proportional to C, T 1 = f 1 (τ )C. This property follows by induction for all expansion coefficients: Since [C, (·)] = 0 and C 2 = C, we find that
In the following we will show that by subtracting appropriate powers of T 1 from each T n we can construct a charge for which also the C-part is conserved. Let us first rewrite (11) as
where we have used that the commutator is always vanishing since T n = f n (τ )C. We thus find
1 is conserved and hence vanishing. Let us now check that for any T N , we can defineT
in such a way, that also the C-part ofT N is conserved. We proceed by induction. Suppose that ∂ τTn = 0 for all n < N. Then we have
The coefficients a m follow from (12), but we need not to know them explicitly. The above argument shows thatT N is indeed conserved and thus vanishing, which concludes the induction. Let us now determine the coefficients β N,M explicitly. Equation (12) can be rewritten as the relation
We hence find the recurrence relation
which is supplemented by the initial values
, β 2,1 = 0. The recurrence relation is solved by
Let us consider the first of the conserved chargesT N explicitly. We note the expansion coefficients
with the Noether current J i = gΛ i g −1 . We thus have
gives
Correspondingly, we have the conserved charges (ε(σ) = θ(σ) − θ(−σ))
The Level-1 Bonus Symmetry for Super Wilson Loops
In this section, we turn to the strong-coupling description of the super Wilson loop, which has been studied in detail in [10] . There, it was shown that the super Wilson loop is invariant under the Yangian Y [psu(2, 2|4)] and the level zero and one generators were derived. We extend these results by deriving the precise form of the generator B (1) , which is the level-1 recurrence of the hypercharge generator B.
Let us quickly recapitulate the results of [10] . The expectation value of the super Wilson loop at strong coupling is given by
In this description, λ denotes the 't Hooft coupling constant and A ren (γ) is the minimal area of a superstring ending on the contour γ on the conformal boundary superspace. The coset superspace SU(2, 2|4)/(SO(4, 1) × SO (5)) is coordinatized by the coset representatives
The supermatrix U(N) describes the S 5 -part of the superspace, for which we use embedding coordinates N I , I = 1, . . . , 6, N 2 = 1. In the above coordinates, the conformal boundary superspace is located at y = 0 and has half of the fermionic degrees of freedom of the full superspace. We describe the contour γ by a parametrization (x µ (σ), λ α A (σ),λ Aα (σ), n I (σ)) and impose the boundary conditions
As for the Maldacena-Wilson loop, the minimal area is divergent and the finite area A ren (γ) is computed by introducing a cut-off ε in the y-direction and subtracting the divergence,
Here, π µ =ẋ µ + i λ σ µ λ −λσ µλ is the supermomentum of a particle moving along the contour γ. Solving the equations of motion iteratively in an expansion in τ allows to derive the first few coefficients of the parametrization of the minimal surface. More precisely, using the notation F (τ, s) = F (n) (s)τ n , we have
Also the coefficients X (2) , θ (2) can be derived in terms of the boundary data, they are given by
The matricesK ′ AB and K ′ AB are given by equation (29) and
Here, u A C denote the entries in the SU(4)-part of the supermatrix U(N), which we use to describe the S 5 -part of the coset space. The higher-order coefficients X (3) , θ (3) , ϑ (1) , N (1) are related to functional derivatives of the minimal area A ren (γ), see [10] for explicit formulae. Given these results, one can evaluate the charges (15) on the minimal surface. For the level-zero charge
where the densities j a (σ) are provided in appendix B. They form a representation of psu(2, 2|4) if we restrict to the respective conserved charges. The vanishing of these charges thus encodes the superconformal symmetry of the super Wilson loop at strong coupling,
The coefficients Q (0)
a are contracted with the generatorsT a = G ab T b of the dual basis, which can be defined for psu(2, 2|4) or u(2, 2|4), for which the metric G ab is non-degenerate. In order to discuss the C-part of Q (0) , we need to formally enlarge the algebra to u(2, 2|4), where we have the scalar product B, C = 1. Then we see that the C-part of Q (0) leads to the hypercharge generator
which does not provide a symmetry of the super Wilson Loop as the C-part of Q (0) does not vanish.
The evaluation of the level-one charge Q (1) allows to read off the level-one Yangian generators from the relation
The level-1 recurrences of the psu(2, 2|4)-generators have been constructed in [10] . Here, we focus on the level-1 hypercharge B (1) , which does provide a symmetry of the super Wilson loop since also the C-part of Q (1) vanishes. We find
To shorten the local term, we used the abbreviations
Here, the matrices γ IJ span su (4), see appendix B of [10] for details. The higher-level hypercharge generators B (N ) can be obtained in a similar way by computing the C-part of the conserved chargesT N . From the structure of the chargesT N it is clear that the generators derived in this way will contain an (N + 1)-parameter ordered integral involving functional variations at each point. For the moment, we focus on the level-1 hypercharge generator.
The bi-local part in the first line of equation (26) shows the typical structure of the level-1 hypercharge as it has been observed in other cases as well. The double-functional derivative in the second line appears for all level-one generators in a similar fashion. In the strong-coupling limit it reduces to the product of functional derivatives of A ren (C) and so the double functional derivative at the same point along the loop does not give rise to a divergence. One would expect that this part of the generator requires a point-splitting regularization at weak coupling and it should be illuminating to compare this part of the generator with the weak-coupling Yangian symmetry generators of [9] . This is also the case for the last piece of the generator, which does not involve functional derivatives and hence simply integrates to a number, although it depends on the boundary curve in a complicated fashion.
At first sight, the bi-local part of the above generator seems to depend on the choice of a starting point along the contour due to the path-ordering prescription that is encoded in the antisymmetric step function. The bi-local part of any level-one generator J (1) a is given by the ordered integral
where j b (σ) are the variational densities provided in appendix B and f cb a denote the structure constants of u(2, 2|4) in the basis given by the j a . If instead of x(0) one chooses x(∆) as the starting point for the ordered integral, the difference between two level-one generators is given The derivation relies on the construction of new conserved charges in the central extension of the supercoset space of type IIB superstring theory on AdS 5 × S 5 . A similar construction has been performed for the pure spinor superstring [4] , where new conserved charges were constructed in all odd levels. Here, the disk topology of the minimal surface allows for a simple construction, which contains charges in all levels except level zero.
It is interesting to note that, given the superconformal symmetry of the super Wilson loop, all other level-one generators can be inferred from B (1) by repeated application of the commutation relation
c .
In contrast, the level-1 hypercharge generator B (1) cannot be generated from the other levelone generators in this way. The situation is similar in the higher levels, where the hypercharge recurrences cannot be constructed from commutators of lower-level generators. The conserved charges obtained in section 2 point to the existence of a hypercharge generator in any higher level and, as all these new generators should be algebraically independent of the other symmetry generators, they provide a large class of new symmetries for the super Wilson loop. However, it should be noted that it has not yet been verified that these generators form a Yangian symmetry algebra as the Serre relations have not been checked. Moreover, the authors of [14] have noted algebraic obstructions 1 against the existence of hypercharge-like generators in the even levels. For this question, the superstring calculation presented in this paper could be interesting as it in principle allows to derive candidates for these generators and to check their algebraic relations with the other generators.
A The Fundamental Representation of u(2, 2|4)
In this appendix, we provide our conventions for the fundamental representations of u(2, 2|4), which follow [1] . A more detailed exposition can be found in the review [11] . The superalgebra u(2, 2|4) can be defined as the set of (4|4) supermatrices satisfying the following reality condition:
Here, the matrix H is given by
To endow u(2, 2|4) with a Z 4 -grading consider the following automorphism of gl(4|4):
Based on this automorphism one can define a projection operator by
A grading on u(2, 2|4) can then be defined by
, where
We choose the following basis for the superalgebra u(2, 2|4):
This equation is to be read as
and similarly for the other generators. The notation E A B denotes a matrix with entry 1 in the position (A, B) and all other entries vanishing. The remaining generators of u(2, 2|4) are given by
We provide the commutation relations for the above generators. The commutators with the generators M and R only depend on the set of indices and their position:
The commutators with the dilatation D and hypercharge generator B are specified by a weight ∆(T a ) or a hypercharge hyp(T a ),
The non-vanishing weights or hypercharges of the generators are given by
Moreover, we note the following commutation relations:
The remaining non-vanishing commutators are given by
We collectively denote the generators defined above by T a and their structure constants byf ab c ,
The metricG ab = T a , T b = str(T a T b ) on the algebra has the following components: 
B Superspace Representation of u(2, 2|4)
In this appendix we provide the differential generators j a (σ) obtained from j a (σ) (A) = J τ (0) (σ) , T a ,
which we write out explicitly in the form p µ (σ) (A) = J τ (0) (σ) , P µ and similarly for all other generators. We use the short-hand notation
Then, we have: 
